Given three oil drilling sites, we devise a method to determine the optimal location for a storage facility such that the total length of pipeline required to connect each site to the facility is minimized. First we represent the total distance of piping as the sum of the individual distances between the storage facility and each oil well. From this, both the optimal overall pipeline length and the location of the storage facility which realizes the minimal length can be determined through the first and second partial derivative tests.
The goal of this project is to determine the optimal location to build a storage facility that will minimize the total pipeline needed to connect the facility with three oil wells.
MOTIVATION
An engineer planning a storage facility and pipeline system around fixed drilling sites is expected to minimize the cost while maximizing efficiency. One way in which to do this is by minimizing the total pipeline length. In the real world, there may be many more factors that can affect either the cost or the feasibility of various installations. For example, different types of piping might be needed for various segments of the pipeline. Additionally, there may be obstacles that prohibit direct paths between the storage facility and an oil well. Such factors may increase the cost per unit length, the total pipeline length, and the overall cost of the installation.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
For three oil wells located at , , and , for which each supplies oil at the same rate to a storage facility, the optimal location of the storage facility is such that the total pipeline length is minimized (see Fig. 1 ).
The total pipeline length is equivalent to the sum of each pipeline segment between the storage facility and each oil well, given by , , and . Let be the total pipeline used to connect the wells to the storage facility, i.e., .
The lengths of the segments may be represented as distance formulas between two points,
√ .
We investigate both the first and second order partial derivatives of LT in order to minimize the total pipeline length. The first order partial derivatives are given by
And the second order partial derivatives are given by ,
[ ], and (
. (7) By setting the first order partial derivatives (3) and (4) equal to zero and determining the intersection point of the two functions (see Fig. 2 ), a critical point for the location of the storage facility can be determined provided the critical point is a local minimum. To test this, the second order partial derivatives (5), (6), and (7) are used such that a critical point is defined as a (Larson, Hostetler and Edwards) . Once verified as a local minimum, the critical point is taken as the coordinate for the storage facility that minimizes the total length of pipeline.
DISCUSSION
Five cases, indexed A -E, for the locations of the drilling sites were considered (see Appendix A). Additionally, plots for each of the cases appear in Appendix B. The three oil wells are represented by blue diamonds and the optimal storage facility location is represented by a red square (see Figures 3-7) . The blue lines in the plots outline the perimeter of the three oil wells and the red lines show the direct paths of the pipelines from the drilling sites to the storage facility. For each case, the mathematical methodology previously described was implemented in
Excel to find the optimal location for the storage facility.
For Case A, the optimal storage facility location lies with the triangle formed by the three drilling sites as seen in Figure 3 . Interestingly, Cases B, C, and D had optimal storage facility locations at one of the drilling sites as seen in Figures 4, 5, and 6. Finally, Case E depicts a scenario in which the storage facility is located slightly away from the drilling site location as can be seen in Figure 7 . This departure from the drilling sight led to further investigation of the criteria that result in a storage location not at a drilling sight. Using the individual pipeline segment lengths and the law of cosines, the individual angles of the triangles formed by the drilling sites were determined for each case. It was found that a triangle with all three angles less than will yield storage facility position interior to the oil wells, while having an angle of or greater leads to a storage facility at one of the drilling sites. This can be seen in the tables for each case within Appendix A.
Our results coincide with Heinen's 1834 solution to Fermat's question concerning minimal spanning trees (Ivanov and Tuzhilin) . In this framework, the point which minimizes the distances between the oil wells is called a Steiner point. See (Ivanov and Tuzhilin) for more information on minimal spanning trees and Steiner points.
CONCLUSION AND RECOMMENDATIONS
Optimal positions for a storage facility that minimizes the total pipeline length from three drill sites were determined using the first and second partial derivatives of the total pipeline length . The first partial derivative gives the critical point of interest, while the second partial derivative test determines whether this critical point value is a relative minimum, maximum, saddle point, or indeterminate. For our critical point to be a relative minimum, the value of must be greater than zero, and the determinant of the Hessian matrix must also be greater than zero. For cases in which the triangle formed by the three drill sites had no angle greater than , the optimal storage facility sight was located within this triangle. For cases in which the triangle had an angle of at least , the optimal location for the storage facility was located at a drill site.
Further expansions on this project may include varying the cost of each individual pipeline segment (assume each pipe must be made differently), and optimizing cost instead of the pipeline length only. Also, as mentioned above, more realistic approaches to this problem could possibly include path obstructions, such as mountain ranges or lakes. One + Two, Vol. 3, Iss. 1 [2010] , Art. 25 Figure 5 (Case C): Oil wells are depicted by blue diamonds, while storage facility by a red square. Again, the storage facility must be placed at a drilling site to minimize pipeline length. 
